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This report is the result of my endeavors to investigate the ability

of the Phase-Lock Loop to operate in a Type Two and Type Three Configur-

ation. The primary method of analysis is the Analog Computer Simulation.

Servo Analysis is also utilized and the two compared. Step, Ramp, and

Parabolic inputs are used separately, in a random process.

All the bibliography listed on Pages 61 and 62 is not referred to

directly in this report; however, the complete recording of all avail-

able literature on the Phase-Lock Loop will serve as a valuable aid to

aq advanced study in this field.
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rps Radians per second

ape Crolos per second

kops Thousand ycles per second

V00 Voltage Controlled Osil.lator

PoL Phase-Loc Loop

DC Direct Current

AC Alternating Current

FM Frequenc modulation

PM Phas modulation

sec Seconds

GM Centimeters

ma lliamperes

v Volts

vLii
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... .. Definition

A"' Change in frequency, step, radians/sec

Chngs in frequency (ramp) radians/sec

A Change in frequency (parabolic) radians/sec

ao Basic oscillator frequency radians/sec

Control signal voltage to VCO, volts

Lf Change in frequency, cps

K, Gain constant of phase detector, volts/radian

K t Gain constant of notch filter

F(s) Loop filter transfer function

K3 Gain constant of low pass filter

K4 Gain of constant of VCO, radians per see, per volt

_P110 Modulation Product Signal, volts

A Amplitude of output signal from input oscillator

B Amplitude of output from Voltage Controlled Oscillator

Frequency of Input Oscillator, rps

Frequency of Voltage Controlled Oscillator, rps

Phase angle of Inpt Oscillator radians

Phase angle of YCO radians

(91 Phase error, radians

G Forward loop adjustable gain

G7 Total forvard loop gain

4 Phase Error Detector Voltage, volts

Approximately equal

ix
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-Defined as

t equal to

G(s) Forward transfer function

H(s) Feedba& Transfer function

A'1p Peak overshoot

Time to peak overshoot

Settlim time

Peak to peak voltage, volts

K J Step static error coefficient

£I P, hp static error coefficient

K Parabolic static error coefficient

x
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This report is the result of an investigation and similation of

a Type Tw and Type Three Phase-Lock Loop. Standard Root Locus Analysis

and Analog Coputer Simulation were both accomplished, and the results

compared. Step, Romp, and Parabolic inputs were tested separately and

in a random sequence to obtain the response of the Phase-Lock Loop.

This report deonstrates that it is possible to operate the

Phase-Lock loop in Type Two and Type Three configuration with large

variations in the basic frequency. Recommendations for further study

uwd pbuical realiAation are made.
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INVESTIGATION AND ANAUG SDLATION OF

THE TYPE TWO~ AND

TIPS THME PHASE-WcK LOWP

The advent of the Space Age has introduced the Phase-Lock Loop

(PLL), also known as Automatio-Phase-Control, into the foreground of

comuications. The ability of the ILL to receive a weak FM signal

from outer space, increase the power level, and attemate the noise,

has been widely used in Space Telemetry. The major advantage of the

PLL is that the loop separates the gain of the system from phase

stability. This is helpful, because additional amplifiers may be added

to the loop without being concerned about the phase stability of the

individual amplifier. The PLL also tends to isolate the output

amplitude from the input amplitude, which reduces the power require-

ments to a relatively low level. Low power leads to transistorized

circuitry which explains the wide use for space ooimmications.

One important use in the field of video transmitters is the Auto-

matic Three Dimensional Slectronics Scanned Array (Ref 14). PLL is

also used in advanced FM/PM telemetry systems, such as the Phase Coherent

Detection System (Ref 19).

Basically, the PLL is used to synchronize an oscillator with a

low power reference signal. The main compoaent of a PLL is shown in

Figure I.

The electronic loop consists of a Phase Detector, a Voltage
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Controlled Oscillator (VCO) and a Loop or Low Pass Filter (Ref 7).

The operation of the system is best understood by assuming that the

frequency (c, ) of input oscillator is equal to the frequency (c .L)

of the VO0. The D.C. output of the phase detector is proportional to

the phase difference between the input oscillator and VCO. If the

frequency of the input oscillator tends to change, the phase difference

will change first and present a correction voltage to the VCO to main-

tain the VCO at the same frequency. The Loop Filter removes the harmonics

that are generated in the Phase Detector. This system is unique in

that the frequency remains unchanged, a characteristic which would be

impossible in an Automatic Frequency Control System (Ref 12).

ftuxiou Wrk
Lt. Wdendland (GGC-62) investigated the feasibi3ities of using the

Type One FLL as a feedback amplifier for use with a Nuclear Magnetic

Gyroscope. His preliminary investigation demonstrated that the PLL

will perform satisfactorilv, provided the inputs are step change in fre-

quency, and a finite constant phase error can be tolerated. Lt. Wend-

land's preliminary investigation also concluded that the phase of any

amplifier added to the circuit was negligible (Ref 19).

To optimize the FLL, it is necessary to have zero phase and fre-

quency error under random inputs. In order to accomplish this, the

system type must be increased. This investigation will attempt to in-

crease the type of the system used by Lt. Wendland and to reduce the

phase error when operated under step, ramp, parabolic, and random

inputs.

3
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The ana3ysis procedure used in this investigation was designed to

demonstrate clearwy the function of the PLL when operated under Type

Two and Type Three conditions.

t o 9AVAUI.- The major method of analysis selected for this

investigation was pbysical simulation on the Analog Computer. The

computer results were compared, when possible, with normal feedback

control system Hoot Locus techniques. The Analog simulation was used

for three reasons.

(1) The ILL is concerned with two basic quantities, frequenq

and phase. The frequenc s i, by definition, the time rate of change

of the phase. : d ) Because of this interrelation, the two can-d
not be completely separated in azW system. The Analog simulation

retains these two in their prospective within the system.

(2) The phase detector is basically a non linear device. Beause

of the presence of a non linear device in PLL, the dynamic analysis be-

comes extremely difficult. These non linearites are all taken Into

account by Analog simlation, which simplifies the problem of dynamic

analysis.

(3) Analog Computer simulation provides a permanent set of graphs

which can be used for study and evaluation.

Zlno gIn riao. The basic Analog simulation coponents used

bLt. Wendland were redesigned and improved to produce a Type Two and

a Type Three system. The loop was then connected and analyzed to de-

termine its dynamic response characteristics.

4
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The investigation oontinued with the theoretical analysis 9f the

PLL. The loop's Root Locus were plotted by means of the 1EK i620

Digital Computer. The program was derived from a thesis written by

Lt. H.M. Paskin with improvements made by Captain C. W. Richards, Jr.

The program is given in Appendix B. The results will then be compared.

The concluding chapter will contain conclusions and recommendations

for further study and experiment.
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The individual oomponents of the FLL are designed and simulated

separately, and then formed into a loop as shown In Figure 2.

The basic frequenc of 5 rps was chosen because of the design of

the input OSC and VCO and the frequency range of the ocputer. In

actual operation, the frequency of the PLL is 10 to 20 kaps. This

means that 10 seconds on the simulation is equivalent to approximately

10 milliseconds in the actual system.

The Input Oscillator requires a variation in froqunq tantamount

to c,.) = 5 rpm without changing the amplitude of the output. As can

be seen in Figure 2 both the COS c, t and SIN t mist be generated tr

the Input Oscillator. The basic sin cos generator in Figure 3 must be

modified slightly to met the above requirments. The w in Figure 3

could not be changed smoothly and evenly. In Figure 4, the potenti-

ometers c01/ are replaced tV servo potentionmeters. The potentiometers

must be equally loaded or they will change the amplitude when large

step, ramp, or parabolic changes in frequency are made. When w..z 0,

the potentiometers are set at .3. This makes the center frequency of

the oscillator 3 rps. With the proper value of Ac, the w, of the

oscillator will vary over a range of zero to ton rp8.

6
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4.

Computer Simalats Circuit for Phae-4ock Loop k

Figure 2
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Sin Cos Geneator

Ana'og Computer Diagram (Hof 5)

Figure 3

0 dCOSev,

Figure l4
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Quarter Square lTp. Mutiplier

Figure 6
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The phase detector is the most critical part of the PLL. For this

reason an electronic multiplier is used to simulate the phase detector.

The simulation is shown in Figure 5. The most accurate type multiplier

available on the Electronic Association Incorporated Computer, which was

utilized in this investigation, is the Quarter-Square Type. Diodes are

used to generate the square waves for a quarter or square multiplier

where

The multiplier requires both signs of the input variables. The oonneo-

tion made to S and G effectively remove the normal feedback resistor

(Ref 6). The proper scale factor and sign at the output amplifier is

best deteruined, tV solving the current equation at the amplifier suming

Junction, as illustrated In Figure 6.

The notch filter used is the one designed Lt. Wnzdland (Ref 19).

The filter consists of two paths. One path has a unity gain and the

other contains a high phase filter set enabling the notch to attenuate

the second harmonic (2 a- t). The high pass filter asme the form of

H(s). + 101L.L + ± ),. H ( a.,) (2)
10

From the log magnitude and angle plot in Figure 7, one can see

that if w < 10 rps, the signal will be attenuated, and when w.>10 rps

21
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Figure 8
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Notch Filter' Simlation Circuit (Ref 19)

Figure 9
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the signal will pass at gain 1. When'o 10 rps, the signal will have

a gain of one, but will be 180 out of phase. Effectively, the high

pass filter is replaced by an amplifier, and the output is zero.

Cascading four s/(s + 10) circuits together will give the simulation

of the high pass filter. Two methods of simulation are possible, as

shown in Figure 8. The second one was used because of the high forward

gain in number I . The complete computer simlation for the Notch Filter

is in Figure 9.

Theoretically, this Notch Filter will only suppress the second

harmonic at w = 10 rps as can be seen in the experimental Log Magnitude

Plot in Figure 10. The Notch Filter performed satisfactorily for the

range of W used in this investigation.

Wgg Fz §UUmjaA
Most Loop or Low Pass filters are represented by factored transfer

functions. The only restriction on the transfer function is that the

order of numerator be equal to or less than the denominator. The fact-

ors of the transfer function are first simulated and then cascaded to

form the low pass filter. The factors fall into three general forms,

the simulation of which is shown in Figure 11. The simulation of the

low pass filters used in this investigation is found in Appendix Figure

A-2.

The WOO, as its name implies, states that it mut tolerate being

controlled by a voltage. In addition, both the oos and sin must be

16
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generated to provide the feedback and phase error detector Inputs, and

the amplitude of the output must be independent of any change in fre-

quency. These requirements are the same as the Input Oscillator. The

VCO is basically the same as the Input Oscillator, If A is replaced by

B and ', by c , the simulation is shown in Figure 4.

In order to start the Input Oscillator and the VCO at relatively

equal phase and to prevent the stability point from shifting, a phase

shifter was placed in the feedback loop. The feedback is B SIN (C!t+ )

with the shifting circuit controlling 9 .

The basis for the circuit is the trigonometric identity

SIN (a + b) - SIN a COSb+COSa SINb (3)

let

a - G.tb j0

it becomes

SIN ( t + )IsN kjt COS + cos. t SIN (4)

Figure 12 demonstrates the basic computer diagram whle Figure 13 shows

the circuit as it appears in the loop (Ref 19).

Vbtg Controlled OsilatJ &&tK SinfLation

Due to the inherent instability of the Analog Computer, the inte-

grator drifts, and the power loss in the feedback capacitors, the amp-

litude of VCO tends to change when large or rapid variations in 6 w

are attempted. In order to completely analyze the phase of the PLL9

18
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Figure 13
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the amplitude of the VCO is locked to the correct value.

In azW oscillator, the

ACOS -c+ A SIN-<= A (COS - + SIN,.) A= constant (5)

Whenever the amplitude of A changes or drifts to A"

A OOS<+ A SINo A (6)

Let

x A SIN
y = A O05"".

then

A - (x + V) M £ (7)

where £ is equal to the error of A.

B use of multipliers and swmers, [A - (z + y)] an be gener-

ated, and if fed into each integrator of the oscillator as a negative

or positive damping proportional to C p will maintain A at the correct

level. Figure 14 illustrates the basic compter siuulation needed

(Ref 11). If x ( or y ) increases, 6 beoomes negative, and - F x/l00

becomes positive. When - e x/t00 is fed to the input of an integrator,

the output decreases.

The simulation used in the PLL, as shown in Apenliz Figure -1I,

can be obtained

if

x - 20 SIN "'-t
y - 20 COS a.j,.t

The multipliers used are of the Tim Division Type. These are used

because of the unavailability of the Quarter Square Type.

22
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Phase Error Detector Sinulation (Ref 17)

Figure I5

,p S14 4 6' 0 = A

SINtf~e -fS/4/(c(-d-. )

s,*ea, OS 0S/,$JP r s#( S1,,(~ ~

J~: -~4 Cos (c-,#)j
.27Q Smy19 W

uall

Phase Error Detector Analysis

Figure 16
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UMQ=Detector Smlto

The Analog Simulation requires that the phase difference between

Input Oscillator and VCO be plotted as an output signal. If the

negative of A SIN w, t and + B COS ( c t + C9- ) are totaled, assuming

that A a B and c..., - wt, then the output is proportional to the phase

angle. Figure 16 demonstrates the theory from which this simulation

is derived. Figure 15 illustrates the actual simulation (Ref 19).

If the amplitudes of the oscillator vary, the phase error voltage

detected wll not depend on the phase error alone. With the loding

circuit on the VMO, the reading of the phase error detector more

close3.v approximates the phase error.

The next step of the investigation consists of integrating the

PLL components and obtaining the dynanic responses.

24&
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The simulation of the Phase-Lock Loop, as shown in Appendix A, was

analyzed to determine the characteristics with different filters which

make the loop Type Two and Type Three. The system was examined with

five filters.

The inputs to the system assumed three forms, step, ramp, and, in

Type Three, parabolic. In the Type Two system, the step was set at 1

volt and the ramp at 1 volt/second. In the Type Three system, the step

was 1 volt, ramp was .13 volts/second and parabolic was .13 volts/second

In terms of frequency

imadnmd& nMM

step .05 radians/second .05 radians/second

ramp .03 radians/second" .0065 radians/secondA

parabolic .0065 radians/second

The system was tested by inserting the filter desired and then

applying the various input. The system gain was varied to determine the

limits of G for stability, and to obtain the best operating point.

Two, Type Two filters of the forms

F (s + a) (s + b) where c aandb (8)Fs)sc

and

Fs) "5 +aseb
F(s) : +. a s +bwhere s4 + a s + b has complex roots (9)

a (a, + 02

23
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were attempted, but due to computer instability, oscillations of 8000

qcles/seoond were generated in the loop and prevented the analysis of

the FLL (Rof 34~ 100-105).

The filter used for Type Two (0 - 30) is

F(s) 3 (a + .1) (Figures 17 and 18) (10)

a (a + .3)

The filter used for Type Two (G = 70) is

F(s)a (a + .6) (a i) (Figures 19 and 20) (11)

s (s + 1) (s + .5)

The filter used for Type Three (0 m 150) is

•.3 (a + .1) (s'+ 5s + 2 5)
F(s) - (Figures 21,22 & 23) (12)

5a (sI" + 8s + 20)

The above figures are typical results for the gain shm. The

figures consist of five separate graphs uhich correspond to the

recorder channs in Appendix A. All soales are narked in volts and

the time scale Is 5 seconds/am.

The fi"rst urve, A SIN , t is the si output from the input

oscillator in the siulation circuit. The frequenq is five radiana/seo-

ond up to the point where the input is applied. When the input is

applied, the frequenq beomes w, + - w- ubere A . is a step, rmip,

or parabolic inputs.

The second cry, B SIN wt is the sine output of the VCO. The

frequenq is W, and after Initial looking oscillation, will be

27
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equal to cJ, . In theory W will follow c.., with no error.

The third curve, modulation product (Aw) is the output of the

phase detector. This signal is the product of A COS c,, t and B SIN cat

and contains harmonics plus a DC level, which is equal to the phase error

as can be seen in Figure 5.

The fourth curve (L ) is the control voltage that is applied

to the voltage controlled oscillator after filters of the system re-

move the harmonics. This curve represents the response to the input.

In steady state the curve will assume the form of the input.

The fifth curve (1C) is the phase error voltage and is obtained

from the phase error detector. The amplitude of this voltage is a

direct measure of the difference in phase between the input oscillator

and the VCO.

The important characteristics of the system are:

1. The type of filter used

2. The gain of the system used

3. The type of input used

4. The type of overall system

After selecting or setting the above, the characteristics of the

system's performance are:

1. The steacr state phase error of the system

2. The general characteristics of transient response

Table One gives the comparison of the three systems under step,

ramp, and parabolic inputs. These curves and tables illustrate the

reason for the choosing of the higher degree Type Two filter for

remainder of this report.
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The complet, step, ramp, and parabolic responses an given in

Appendix C and Appendix D for the 1 p Two and Type Mree sstems re-

speotively .

A limitation of the Analog Computer Simulation Is seen in Figure 20

and Appendix Figures C-2j, C-17, D-18, and D-21. 'hen a high forward

gain is used, the inherent noise of the DO amplifiers used in the

Analog Computer produces a considerable munt of noise in the control

signal.

Uhon the systen is started at t a 0, the loop will oscillate untl

both frquens- and phase of the input oscillator and V0 are exactly

alike. One point of interest is that the loop has the abiity to look

at one of two points* Lock can be obtained at 0 or 7r radians phase

difference depending on the initial phase of the input oscillator and

VC0. Nhenever (0 - s) positive and tetwen 0 and 7- radians, the

loop wi lock in at 0. Me (0 - -o) is negative and between 0 and 7r

radians, it wM:-lock in at 17 radians phase difference. Ths can

best be sen b looking at the expression for the output of the phase

detector

4w2 SI(2 wt + 9(+ + 2SIN(~e. (13)

when the ( $- -G- ) I11 negative the DC level 2 SIN (~ e)becoms
negative since

SIN (- -< ) a - SIN (14)

This negative voltage will tend to decrease the phase of the =00 until

the point where SIN o- SIN -c= 0 whioh will happen vhen -. rftUaans.
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This means the loop will look at phase difference of Tr radiis.

The phase shifter aured that (6- -0-) is always positive and will

uke the loop look in at the 0 radians phase difference stabi ty point.

AUW BM I=
From the Phase Error Detector Ana3ysis in Figr 16

04*l. An()
if 3  = peak to peak voltage of In

then ,,-2A h(6E4  -, 'A 2  (16)

E0 E'j
(17)

'7
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IV. ~ fi m~

The servo bloc diagram of the PLL is given in Figure 24. It

is a simple unity feedbac systema in W * K, reaset the gain of

the Phase Detector, while the 1/s term shows the integration of the

frequency which is equal to phase differences

if K I~ K 1 X K 1, N(s), F(s) are knwn# we an plot the Boot

Locus. The Root Locus is a plot of the roots of the characteristic

equation (1 + 0 H) of the closed-loop system as a function of gain

(Ref 2). From the floot Locus# one an obtain the roots of the character.

istic equation and the important parameters such as, time to pea

overshoot (tv), settling time (t.). and peak overshoot (11,).

M Is defined as the maxinm overshoot of the steady state MaIMS.

&eis the time required to reach the acnm overshoot. A sm&U too
means a quicker response. t3 is the tim required for the response

to come within tw percent .of the steacdy state value. A small t

indicates the system tends to be more stable.

In this investigation the ultiplier was used for the phase do-

tector. The same results could have been obtained br using the balanc.-

ed modulator (Ref 39). The output of the phase detector took on the

form in Figure 25.

Mmw using standard computer equipemnt, the tern is divided by 100.

If A.Bu20 then K -2
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Notch Filter Transfer Function (Ref 17:34A)

Figure 26
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The gain K of the loop filter transfer function is taken arbitrarily

as .3 . The remaining part of the transfer function is dependent on the

type system, and the filtering desired. Two systems, on Type Two and

one Type Three were finall selected, for analysis. The two filters are

F(s) * .3 (s + .6) (a + .1) (18)
a (s+l) (s+.5)

and

F(s) w .3 (12 + 38 + 2. 5 ) (a + .1 ) (19)
4 (sa + 89 + 20)

The notch filter transfer function is dependent on the high pass

filter. The deterination of the N(s) is given in Figure 26 (Ref 19),

Adjusting the input to the VCO by 100 volts, varies

the VO frequenc ky 5 radians. Therefore, the VCO sensitivity is

.05 rps/volt. Any variable gain mist be multiplied by .05. Lt.

lbndland determined the dyamic transfer function of the VO to be

o (s)=(2+6+ (+6.6) (20)

.. K = (289) (.03) G

(Ref 19:44)

Using normal Servo techniques, the forward transfer function

boomo, for Tyrpe Two
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0(s) = G(64 + 100)(s + .6) (3 + .1)(s + 4 - J2)(s + 4 = J2) (21)
a' (a + .3)(s + 1)(s + 6 + J16)(s + 6 - J16)(s + 10)

whre G. - (5) (2) (.3) (289) G

H(S) - 1

The Root Locus plots are given in Figures 27 and 28.

For Type Three

G(s) = Gr (B - + 100)(s + .1)(s+ 5s + 2.5)(s + 4 + J2)(s + 4 - (22)
s3 (e+ 8s + 20)(a + 6 - j16)(s + 6 + J16)(a + lo)

where 0 = (5) (2) (.3) (289) 0

H(s) - 1

The Root Locus plots are given In Figures 29 and 30.

Figures 31., 32, and 33 illustrate the Root Locus if the poles and

zeros of the VOO and notch filter are neglected. It clearly shows that

great error is presented if we neglect these poles and zeros when opr-

ating with the present filter under Type Three oonditions.

When the poles and zeros of the forward transfer function are

known, the Root Locus was accurate3 plotted by the Digital Coputer,

and the thesis written by Lt. Paskin with improvements by Captain

Richards of the Mathematics Department. The program and operating

instructions for the IN( 1620 are found in Appendix B.

If A w is the steady state error of the systen, then the theor-

etical phase error of the system can be derived.
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From Figure 2
_9 a K, (23)

te K K$, F(s) N(s) (24)

,aC,) KJ KVZK K KI. F(s) N(s) (23)

.- *, = -'__ _ (26)
K, K 3K I Its) s)

For a Type Tw system

a. For a stop Input

cdW'= w.(t)sS (27)
K0

mhere K is the step static error coefficient, defined as
0

and (9,n 0

b. For a ramp input, where K Is the ramp statio error coefficient

K ..S- 40 (D)O K K K K N(s)I F(s)( (29),- .- oI .1o ,o

~ -~R, (30)K;

%here R is the input (Sef 1:123-129)

KO K K6C.-.) R, (1
4 K y Nos ) (K 1 s) F ) '
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Ina Lk. manner for Typo Thte

(91 -0 for atop &nd ramp inputs
and

= KK qN~s L() for pa~bo3c inputs. (32)
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!. kinI.&I, Ra9,,

The theoretical values of M,, fp, and ts , were found using the

oonventional Root Locus methods from the location of the closed loop

poles and zeros. In both cases, there is a real root that mat be con-

sidered to obtain the accurate values of Mp, t,, and ts (Ref 211

264-26B).

Table Two ilnustrates the theoretical and ezperimntal values of

1 V ~ mi ad (9.TheA, f,, and t. were determined by the

step response of the system. The A was obtained for Type Two from

the ramp, and for Type Three from the parabolic. The values compare

favorably.

Srag V e . The amplifiers of the Analog Gompater tend

to drift during operation. Any drift in the amplifier is integrated in

the loop and becomes a parabolic error. This error will vaz: with

different gain or m even change from dq to da, or run to ran. An

example for 0 a 130 Type Three is given in Figure 33. An error of this

type produces a growing phase error in Type Two, while in Type Three

it produces a constant phase error. This error can be subtracted from

the steady state phase error found in Type Three.

A emur gmo t. The final step in the dynam:c ana3sis of the

Phase-Lock Loop was the response of the system under random inputs. To

better exhibit the quality of response of the Type Two and Type Three

system, a Type One system using the filter designed by Lt. Wendland was

3
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examined (Ref 19). This filter is lustrated in Ficur 34. The

response of the three systems is shown in Figures 36, 37, and 38.

The Gains of the three system are

Type On-.--33

Type TWo-------70

Type Th.-------150

The first five curves are identical to the remainder of the runs. The

sixth our" is an indication of the input to the Input Oscillator. All

scales are in volts/ca and the time scals is 5 seoonds/am. These three

ourves clear3y indicate the tremendous improvements that were aoomp-

lished t increasing the type of the general system. Ite the mplitude

scales on the phase error voltage (4) and on the control Voltage

(le ). The range of frequenq variation Wa from cw = 2.7 rps to

--703 rps.

The results of this investigation clearwy dmonstrate that the

Phase-Look Loop can be operated In the Type Two and TYPe Three oonfig-

uration. A constant phase error was necessary to follow the ramp in

Type Two, and the parabolic In Up Three, bat the rafge of frequencq

dmuao was significant. The m in Apendix C and D show that the

frequenyq can be changed up to 1.5 c o with satisfactory results. In

terms of a pbsical system, using a frequenc on the order of 10 kops,

this is a marked Improvement over the basi Type On, systm used tI

Lt. Wenand.
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The computer simation of the Phase-Look Loop agrees favorably

with the Servo Analysis. The next logioal stop for further investiga-

tion of the PLL would be to integrate a pysical componnt into the

computer 81MAIation.o.*..eO.g. a ph'sicsl transistorized Phase Deteo-

tor could be patched Into the Analog Ocquter eszlation to analyse the

effect of the higher harmonics generated tr the phase detector. This

analysis ould be followd tr the buildin and testing of a completely

paeoial Phase-Look Loop. This would require a detailed Phase Detector

and VCO irutwr analysis, in order to determine the effects of the

pybysica1 units on the operation of the loop, The variation of the low

pass filter to discover the most aooessible pWsica relation would

prove to be vary Interesting. Because of the low power levels used in

the PL., the prical. model would most liQY tend to be transistorized

to reduce the size and weight.

The comparison between the pbosical and sinmlation loops would add

mobh to the knowledge of the an3ysis of non linear jqstns.
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Complete Amalog Compter Cirazit Diagrm
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I. P*OAK AN3PACT

Title: Ca~utation of Root Loci

DtbJ)ct Classification: 9.4

Authors: Sarvey N. Paskin and Charles W. Richard, Jr.
Air Force Institute of Technology

Direc.t LmdAea, to: Capt. Charles W. Richard, Jr.
Nthematics Deparnt, Al Institute of Technology
Wight-Patterson AF Base, Ohio
CL3-7111 - Ext. 29115

Pu"pose/Descripton: Given the poles and zeros of a rational transfer
function G(s), this POW= proga calcastes
the roots of the characteristic equatia for a
feedback system

1 + K G(s) a 0

the locus of one root Is calculated at equal
increments in the cmllex s-plae fbr mnotne
variations of the parmeter K.

Nothmemtical Method: Starting at a point on the locus, the next point
Is calculated, using a modified Dyton's m &the
to satisfy-the angle condition

Arg G(s) - (9k )w . o,, k a 0,...

Restrictions: Me amber of poLes plus the mober of sero at g(s)
must not exceed 25. Points on the locus are calculated
only for non-neative values of the permeter K.

B 8 eut OeciftcstIos: IN 1620 vith 20,000 digits of mMo7.
1622 card re0rpah

stowa e Btire 20 mmory.

Additional Re rs: 1. Tis FORM= progra vas cmi.e using te
hFIT bproved Fortran, 1.1.010. StaWd
Al Fortran subroutines are used Including
absolute value, except that the Pa s-
routine is modified to carriage etan behti
printing.
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Ad. Remarks: 2. The object deck has been compressed, using
an AlIT omupresscr. The object deck
Is sequenced frem U-G1 through '79 in columns 78

80. The Fortran source deck Is sequenoea
froo h 17 In columns 78 thruh 80.

3. Compw:ed vith other methods of comting zeros of
polynomials, it Is believed that this progam
achieves decreased running time at the expense of
decreased accuracy. Accuracy of the results is a
function of the number and distribution of the poles
and zeros of G(s) and the location of the particular
root being cmputed. For a variety of saple poblem
the average time to calculate one point an the loaus
vas 15 seconds, exzusive of printing at a vorst
known accuracy ef 4 decimal digits.

II. UNIPTION Of PSOMU

The transfer function for a feedback system my be vritten

0 0

"(s) W(s) " U(s)

a 170779 a Q(s) * U(s)

vhere the "gain" K Is a real nmber and G(s) Is restricted to be a
rational function of a in the factored form

is -- )(8 - z2) . . . (s -n)(s) w "s) a - n > a'T7 (a -I)(, - P2 • (s - Pn) -

This progrm calculates the zeros of the denominator Q(s) + UF(s) for
non-negative values of the pareme+tr K, Starting a a know loot of
q(s) +.PJS) a 0, a locus of roots, s , !o calculated at find incrm-
ents,. M I, In the complex plane.

M L: - OL

Mi is considered positive for inceasing values of the parwter K M
negative for decreasing values of the 9r9ter K. valu of I at
each Point on the locus is cuanWed and outpt with the rea ela
Inaginary part of the point.
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III. Mh1OD OF CCWMATION

At a root, *L, of Q(s) + KPs 0

A(s L) L

therefore: arg O(B L) - 7ror an odd. wit±ie c~f ir

I (L)Fi
Defining kp m -erg(a,, -Z±) 1 ,2 @* a

Qi -arg (8- 1 1-1,2---n

then

L1ii
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Starting at the point BL On the :'oot loc u a new test Point 4 is
determined for a Liven MB and initial angle e.

a sL + AR (coo e + i sin e)

A modified Nevton's method is used to deteroune a 03 to satisfy

arg G(s) - (2k + 1)7r - 0

Tis new point s L1 - aL + W (cos % + i sin N ) Is approximately

on the locus.

If the modified Newton 's method fails an alternate procedure, essen-
tially a binary search for ,1is used fcr convergence to %W.

After convergence to the new point s L on the locus the associated

value of the gain K in cal.-Lated, uaing n

jK1w U Q ' 1sL4.l - PiI

For a more coqlete description of tte mathheatical method, see refer-
ewc 2.

IV. flMT FIAUT

A. A problen, cr series of problems, my be input frm cards or
typevriter, depending on sense Sr-tch 1.

Sense Switzh I  Of: fr. typewriterI : frrm cards

All data is Input without an inpat ft :m=t .specified. Therefore, data
Input either from typewriter or cards may be in any form, vith or
without a deciml point, or in floating form. There Lis one restrict-
Ion for card Input. If Input cards have extraneoas information
Punched following the data (such as sequence nibers) the. a record
mark must separate the data fram the extraneous informastion.
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Separate nmibers must be separated by one or more ccrs or blanks
if there is more than one piece of data in the sam input record.
there may not be any blanks vithin a nuber. If the Input Is frm
the typewriter ZAS, SUM shoul be pressed where 3/s Is Lodl-
cated belov. If the Input Is from cards each new value of "ah"
iteM (1) below, mast apear as the first p ece of data an a segarate
card. As may of the nmbers following it. (1) a will fit
be punched an the sae card.

Me for and order of the Input data are as follow:

(1) n (a/,) for n > o n -the no. of ples of (s)

(2) Re l 1 , U 31  (R/,) the realand ypartOf ach
Re p,, 3 p (R/ ) Pase, ]' of f

Se pn E, n (R/s)
(3) a (R/,) a a the r of zeros of (s)

( ) & 3. 0 3" zl ("/s) the real and Ialnar part of on*
Re 32, bs 2 (/) sewn, 'IOfGof

Re ,w Is s. (R/,)

Ik) e so, ]h so (i/a) th. real and lmsginazy part ofVi
starting poit o an the loas. ds
V61at =W be , eroe of V. poes
Pk of G(s).

(6) M, N (i/a) IncrementlIMI IMxL. NJ
If a Is posLtve, points on te
locus will be calolated fr lacre..-
Ing vavLes Of K. M is aeative fr
derasn WIN as v MOf x.

5I at ib athe er f itU an a
locus to be oumto It If < 0 a" 6 .a.

(6.) o% (a) ,,Ial. semvh mgle In epo. If
1&(6) if>0,s t~s resenow is not Sepat.

pu* *01av fta O fs rev..
poutothzie
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IV. D. Alternate form of input data for subsequent runs.

Ui subsequent rms for the eame transfer function G(s),
the poles end zeros of G(s) need not be input again. Me first
resord, n, is used as switch.

MICK 1. n - 0 for a new starting point a.

Input data is of the form

(1) o (R/s)
(5) Re sc, 3h.o (n/.)

(6) 1a, N (R/9)

CMICK 2. n - -1; to continue on sms locus but with new M.

LInut data Is of the fbrm

(1) - 1 (n/)

(6) ^, N (R/i)

W!1C3. UmuI Intervention for nev on imm locus* After
one or mre points on the locus have been outpt set
Switch 2 and Switch 3 OW. After calculating the
current a,.L the typewriter will print

In R, 10. W POUTS

1. Reset Switch 2 and/or 3

2. ]hter from the typwroter

a, I (R/.)

10M3: Switches 2 and3 should be set W while tA
root 8L 1 is being printed. Oth rwise, the last point

computed will not be output.

C. Comants on the use of the v ious Input qtims

1. oe optional Input of an Initial sem ange 00 Is
mrst usef l in the vicinity of a point where t or mor
loci cross. Different Oo ' s mW be used to obtain points
an the different loci. A now 0 nor be Inpt, as des.lbed
In A6.&, with elther CI TTO 1, 1, or 3 above.
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MV C. 2. CMTIO1 is useful for obtaining several lc associated
with the sm G(s). A different locus starts (i.e.,q
K - 0) at each of the poles of O(s).

3* WTIOE 2 Is useful for obtaining sore points along.a
particular section of a locus. elite often the general
shaspe of a locus Is known and mre poluts my be desired
In the area of crossing looi, Intercepts with the azis,
etc.

ke QW 3 Is useful for changing AR, the spaing between
points, based upon the Imdiate "rited results. A
negative AR, In order to 'back up on the locus, Is
useful if it Is noted from the printed output that a
particular point of interest has Just been passed. Alter-
nating use of positive and megtive M with 1sf decees-
Ing also will allow for smeml convergence to a root wilh
a specified K.

'V. NO 1W

Me results we be typed, punched on cards, or both. So
formt of off-line printing Is the am s cao-line.

Sense SwItch 2: OR 2ype results

Sense Switch 3: CK Punch results

A. Data for each point, a, an tm locus Is output In thee ccl-

xy

Be Mw poles aMd %ero. of G(s) are output followin their Saput
to Identify the results. Praceeding each list of I roots, M
Is output. 00 In output following MIs a 00o hM been input.
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G(s) - a +. 1.6
$(a, +, q +i)(s + 9 Ii

Assme the following output is desired:

1. 5 points on the locus starting at thepole a -0
with an Initial angle of 180 degrees and a AR 2.,0.

2. 5 points on the locus starting at thepole s -9 41ith
anInrvin, 1.0 cotmn ih4more ponswith

m~ u 0.5.

Input Data - 3 cards)

3 0. 0. -9. -4. -9. 4. 1 -19.6 0. 0. 0. 2. -5 180.
0 -9. 4. 1. 5
-1 .5 4

Printed Output

VALUE OF POLES
000000 E-99 . OO0O0OE-99

-9. OOOOOOE+00 -4. 0Ov0C0E+00
-9.000000OE+00 4. OOOsOOOE+e00

VALUE OF ZEROS
-1 .960000E4.01 .OOCOOOE-99

DELTA R 2.003
INITIAL THETA 180.0 DEG.

X V GAIN
.OOOOOOE-99 . OO1jCIE-99 . OOOOOOE-99

-2. OOOOOOE..00 . 00C"J0E-99 7. 386363E4.00
-4:OOOOOOE.00 .OOOOC'OE-99 1 .051282E.01
-6.000000E+00 WOOCE-99 1.102941E.01
-8.000000E+00 .OOOCOOE-99 1. 172 13E+i01

DELTA R 1.0000
-9.OOOOOOE.00 4.0000~(0E+0" .00'3000E-99
-8-318490E4.00 .0.268191E+00 5.554888E+00
:7.618918E+00 2.4994.60E..00 8.791001E+00

70008E00 1 .698621E+00 1 .038586E+01
-6.518831 E+00 8-709456E-01 1 .095099E+01

DELTA R .5000
-6.2474i9E.00 4.510221E-01 1.101978E.01
-5 748261E+e00 4.800138E-01 1 .104028E+01
-5 .505700E.00 9.172369E-01 1 .110832E+01
-5:276290E+00 1 .361501E4.00 1:.128243E.01



oE/zE/62-20

VII. OPATING 3182RCTIONS

1. Clear memry, if desired, as follows:

* Set .11 check switches to PROGRAM.

b. Depress INSTANT STOP and FMT.

c. Depress ISERT.

d. Type 16 00010 00000.
(12 digits, no spaces or punctuation)

e. Depress RELEASE and START (or the R/8 key)

f. After the MAR lights have cycled through mmory at least
once, depress ISA2T SMO.

g. Depress RESET*

2. Load the object deck an follows:

a. If the computer Is not in mivual mode, press M
STOP and RUET.

b.* Set the OVUW switch to PROGRAM, all other check witches
to STOP.

ce Clear the card reader by remving any cards in the hegper,
and pressing RUM STW and UO-I3OCU UIW!. Thm
remove all cards tram the sftaker.

d. Put the object deck In the reader hon~er.

e. Depress LOAD.

f. When the reader stops on the last tvo cards, depress
RLm SAR.

g. Remove the cards fromt the read stacke ad 11heck for the
last card.

3.a* Set the prorm witches

owTl= an W
1 Input from typeWriter Zipit fram cards
2 Print output DO not print

5Punch output Do not Pinch
IIFor error In typed Noni

Input only.See 8 b

b. Check witchsj set the oVW gW=C to pROGRA, all
other Check witches to am.
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VII. 4. If data cards are to be read (Switch 1 ), place two bleak
cards after the data deck, place in the read hopper, and
depress READR START.

5. If output cards are to be punched (Switch Of), place blak
cards in the punch hopper and press IUN!C W .

6. Set paper in the typewriter three lines below start of a
new page. Set typewriter argins to alloy for at least 16
characters.

7. Press START twice. Execution of the prorm will begin.

8. If typewriter input is called for, an identification of the
data to be entered will be typed, then the typewriter will be
energized. Enter the appropriate data ad depress the RB key.
If a typing error is made, and it Is found before the R/S
key is pressed, It may be corrected as follows:

a. Tarn Switch 0 CE.

b. Depress R/S.

c. Turn Switch CI W

d. Retype the entire line

e. Depress R/S

Note that Switch 4 nut be OF whenever inamtian Is beig
entered at the typewriter, except vhen an error Is belng
corrected.

If the typing error is not discovered untUL after R/S is
pressed, It is too late to correct It.

9. After the specified N points on the locus have been output,
the program will always begIn aain and call. for new data.

10. To manually stop the progres at any time In oardr to input new
data, depress INST , B T, v , BAI!, num.
Repeat steps 3 through 7.

11. If the results were punched, the output data deck w be
removed at the end of comptation as follows:

a. Lift the blank cards from the punch happer.

b. Depress 33-PROCBS UMT for a few *sonds.
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C COMPUTATI(1 1 OF ROOT LOCI
DIMENSION A.25)oB( 25)
TO- 1lOE-07

174 IF (SENSE SWITCH 2) 74,171
171 IF fSENSE SWITCH 3) 74,172
172 PRINT 173
173 FORMAT t/17HSET SWITCH 2 0R 3o1)

PAUSE
GO TO 174

74 IFfSF.NSE SWITCH 1)13,9
13 PRINT 8
8 FORMAT (//12HNO, OF POLES)

ACCEPT ,K
IF (K) 121,7,5

5 KOLES- K
PRINT 10

10 FORMAT (/14HVALUE OF PO
DO 12 J-1 KOLES

12 ACCEPT, AFJ), BtJ)
PRINT 1

1 FORMAT (/12HNO. OF ZEROS)
ACCEPT, EROS
M - KOLES4.JER0S
N-KOLES+1
IF 'JEROS) 7070

3 PRINT 4
4 FORMAT f/I4HVALUE OF ZEROS)

DO 6 I-N M
6 ACCEPT, A "I),B(I)

7 PRINT 14
14 FORMAT (/5HPOINT)

ACCEPT, XLvYL
THETA-O 0

121 PRINT 1
16 FORMAT(/22HDELTA R, NO. OF POINTS)

ACCEPT 9DELR L
IF L) 120, 1599156

120 PRINT 19
19 FORMAT f/13HINITIAL THETA)

ACCEPT, ANGLE
THETA-ANGLE*.01 74533
GO TO 156

9 READ,)K,
IF (K 1530308

18 KOLESK
DO 20 J-1 KOLES

20 READ, A(JS, Sri)
READ, JEROS
M-KOLES+J EROS
N-KOLES+1
IF (JEROS) 333,21

21 DO 24 I=NpM
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24 READ, A(I)s 611)
33 READ, XL, YL

THETA-0.0
153 READ DELRL

123 READ 9 ANGLE
THE TA-ANGI E*. 0174533

124 IF(SENSE SWITCH 2)127,156
127 IF'K)131.131990
90 PRINT 10

D0 92 J-1,K0LES
92 PRINT 17. A(J)v 6(J)

PRINT 4
DO 93 I-NM 8I

93 PRINT 17 All), ~l
131 PRINT 136,DELR
130 FORMAT(/7HDELTA RqF16.4)

IFfL)154 156 156
154 PRINT-151,AN6LE
151 F0RMAT"13HINITIAL THETA F7 I 7H DEG,)
156 IF(SENSE SWITCH 3)125,1g
150 IF(SENSE SWITCH 2)152:79
79 PRINT 173

PAUSE
GO TO 156

125 IF'K)132v132 "94
22 FORMAT (/6XI IHX 15X IHYs 13X, 4HGAIN)

14 FORMAT (E13.6t 31t E15.6)
9~ PUNCH 10

DO 96 J-1,K0LES
96 PUNCH 17t A(J)l 6(J)

PUNCH 4
DO 97 I-NgM

97 PUNCH 17, A(I), B(I)
132 PUNCH 1309DELR

IF'L)352 152 152
352 PUNCH 151 AN&LE
152 1 F(K) 252ti9,195
195 PRINT 22

IFfSENSE SWITCH 3)295.95
295 PUNCH 22
95 X-XL

Y-YL
GANE-0.0
DEL-i .0
GO TO 56

252 IF(DELR*DEL)332s121,230
332 IFfL)230 333 333
333 THETAwTHETA4i.1 415927

230 Kai
D-ABS( DELR)
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DEL-DELR/D .3
23 XusD*C0Sf THETA)+XL

YiD*SI N( THETA)+YL
BETA-O. 0
DO 29 1-1,11
P-0l.0
IF fX-Af'I) 25o26927

25 P-3.14159265
27 PSI-ATANU(Y-B(I))/X-A()
32 IF (Y-Bf'I) 28,00
28 P-0.0-P
30 BETA-BETA-PSI-P

IF (1-KOLES) 29,31.29
26 PSI-0.0

P-1 .57079633
GO TO 32

31 BETA-0.0-BETA
29 CONTINUE

EPSI L-ABSf BETA)
44 EPSIL.EPSIL-6.'2831853

IF (EPSIL) 42,56,44i
42 EPSIL-EIPSIL+3#14159265

IF (BETA) 45,16,46
45 EPSIL-0.0-EPSIL
46 GO TO (519530099K
51 DELTH-EPSIL.

K- 2
GO TO 52

530 IF ABS(EPSIL-EPSAL)-1.OE-07) 98 53 53
53 DELTHwEPSIL*ABS((THETA-THATA)/'E?'SIL-EPSAL))
52 IF fT0L-ABS(DELTH)) 54v56s56
54 THATA-THETA

EPSAL-EPSI I
IF (0,78539816-ABS(DELTH)) 80.55,55

55 THETA-THETA-' DEL*DELTH)
GO TO 23

80 IF 'EPSIL) 81956 82
81 THETA-THETA+0.78939816

Ge TC 23
82 THETA-THETA-0.78539816

GO TO 23
98 K-3

Z- 2.*0
99 IF fEPSIL*DELTH) 100o569102
100 Z-0 5
101 DELTH-(-0.5)*DEtLTH

GO TO 103
102 DELTH-Z*DELTH

103 IFI'TO1-ABS(DELTH))55v56v56
56 up-i 0

DO 5A I-1,M
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WSLZ-SO3RT((X-A( I))*(X-A(lI)),'Y-B(I) )*'Y..B(I)))

IF (I-K0LES) 58 ,59s58
59 IF 'up) 60.61,60
60 UP=1.0/UP
58 CONTINUE

PGANE-GANE
IF 'up) 63,62.63

63 GAAN-1.O/UP
163 IFfDEL*fGAAN-PGANE))65g66066

65 THETA-THETA. 1.8
GO TO 230

61 GANEmOg0
GO T04

62 GANE-1.0E50
GO To 64

66 GANE-GAAN
64 XL-X

YL- Y
73 IF 'SENSE SWITCH 3) 70s 133
70 PUNCH 67. XL YL, GANE
133 IF (SENSE SWhCH 2) 71o 75
71 PRINT 67, XLl YL, GANE
67 FORMAT (E13.6v 3Xv E13.6o 3X9 E13.6)
75 IF fSENSE SWITCH 3) 72,175

175 IF (SENSE SWITCH 2) 72.76
76 KO-i

GO TO 121
72 IF'L) 77978o78
77 L--L
78 L-L-1

IF'L)174, 174, 230
END
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Dynamnic Rsponse for Type Two Phase-Lock loop
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This Appendix contains the step and ramp responses of the Type

'wo Phase-Lock Loop. The following values apply to these curves.

A = 20

B = 20

K~ 2

K -. 3

K U 5

K = (289) (.05) a

'(s) K (s + .1) (s + .6)

a (s + 1) (s + .5)
G 10 to G = 160

Step = .05 radians/sec

Ramp = .05 radians/sec3 c

The various curves shown on the following pages are from top to bottom.

1 A SIN c.., t 20

2 B SINc ct 20

3 5
4 as marked

5 as marked

The time scale of these curves are 5 sea/an.
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Dynamic Response for Type Three Phase-Look Loop
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Tis Appendix oont ao step, rip, and parabolio responee curves

for the Type Thre Ibass-Lodc loop. The following values aggy to

these ourves,

A ,20

B .20

1, -2

3

K . (289) (.05) Q

!. (a + .1) (a +5s+2.3)
94 (A " + 8s + 20)

0 60 to 0,a300

step - .05 radiamn/seo

Ramp - .oo65 radia/seo"

Paraolic - .0065 radls/sc 3

The varis urs sou on the following pages are from top to bottom.

At"~ I Iuaf avl/m
1 A 8 ,,,,t 20

2 B SIc.aat 20

3 ... 2.0

8 o s a miced

3 as marked
mwe time sou of tbese carves are 5 ssd/om.
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